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Planetary formation

??

NASA, ESA, M. Robberto (Space Telescope Science 
Institute/ESA) and the Hubble Space Telescope 

Orion Treasury Project Team 

~8pc

ALMA (ESO/NAOJ/NRAO)

~100AU

??

NASA/JPL-Caltech/UCAL/MPS/DLR/IDA

Blum et al. 1999

monomer 1µm 

~1km

NASA/R. Hurt/T. Pyle

~10AU

??



Coagulation

Coagulation : aggregation of monomers into polymers 

Physical process in many fields 
 

The coagulation process is described mathematically by the 
Smoluchowski equation (1916). 

Safronov (1969), Friedlander (1977), Silk & Takahashi (1979), 
Dubovskii (1994), Aldous (1999), Lee (2001), Filbet & 
Laurencot (2003), Filbet (2008), …

Marian Smoluchowski

chemistry polymerisation

biology proteins growth

meteorology raindrops formation

astrophysics grains growth



Smoluchowski equation

Model assumption : coalescence occurs instantly after the collision of two particles, 
a new sphere is formed.

polymer group with a mass mk

+ =
+

n: number density of 
polymers 
K: collision frequency 
(Kernel)

dnk(t)
dt

=
1
2

k−1

∑
j=1

Kj,k−jnj(t)nk−j(t) − nk(t)
∞

∑
j=1

Kk, jnj(t)

∂n(x, t)
∂t

=
1
2 ∫

x

0
K(y, x − y)n(y, t)n(x − y, t)dy − n(x, t)∫

∞

0
K(x, y)n(y, t)dy x,y: masses

mk = k × mmin

Kk, j = σk, jΔvk, j

Mass conservation equation.



Smoluchowski equation

Non linear integro-differential equation. 

No analytical solution in general case. 

Physical constrains : mass conservation, positivity. 

Astrophysics constrains : any kernels.

Nintendo ™

dnk(t)
dt

=
1
2

k−1

∑
j=1

Kj,k−jnj(t)nk−j(t) − nk(t)
∞

∑
j=1

Kk, jnj(t)

∂n(x, t)
∂t

=
1
2 ∫

x

0
K(y, x − y)n(y, t)n(x − y, t)dy − n(x, t)∫

∞

0
K(x, y)n(y, t)dy



Requirements from PHANTOM

Ormel et al. 2007 Brauer et al. 2008
Finite volume 

scheme

‣ SPHERE/ALMA 12 orders 
of magnitude in mass < 15 
grain sizes 

‣ ~10-100 degrees of 
freedom: sub-bins or MC 
particles 

‣ Good accuracy

Requirements

Algorithms

? ??

Analytical solution with simple kernels. 

To benchmark algorithms (tests with constant kernel).

issue : need to have a fast and efficient algorithm.!



Monte-Carlo algorithm (Ormel et al. 2007)

P(t, i, j)Probability density 
function of collisions

random 
draw 1

random 
draw 2

random 
draw 3
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∫ mn(m, t)dm = ∫ m2n(m, t)d(ln(m))

Accuracy for a large number of particles              long calculation time 
Will be useful to compare with non simple kernels.



Brauer et al. 2008 algorithm

▸ Kovetz, Olund 1969, Brauer et al. 2008, Birnstiel et al. 2012

dnk(t)
dt

=
1
2

k−1

∑
j=1

Cj,k−j,kKj,k−jnj(t)nk−j(t) − nk(t)
N

∑
j=1

Kk,jnj(t)

Scheme of the mass distribution of 
the polymer formed by the 
collision of i and j.



Brauer et al. 2008 algorithm

Good accuracy is not checked with 15 grain sizes.
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Finite volume method

Equation in conservative form (Tanaka et al. 1996, Filbet & Laurençot 2003, Filbet 
2008, Tine 2011, Liu 2019 …). 

Hyperbolic equation                    mass conservation.

∂tg (x, t) = − ∂xFcoag [g] (x, t)

Fcoag [g] (x, t) = ∫
x

0 ∫
∞

x−u

K (u, v)
v

g (u, t) g (v, t) dudv

Fcoag [g] (x, t) = ∫
x

0 ∫
R−u

x−u

K (u, v)
v

g (u, t) g (v, t) dudv F=0 at x=R



High-order algorithm
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d0
⋱

dp

d
dt

c0
k

⋱
cp

k

(t) =
2

Δxk

1/d0
⋱

1/dp
∫Ik

F(gk(x, t))∂x

ϕ0
⋱
ϕp

(ξk(x))d x − F [g] (x, t)
ϕ0
⋱
ϕp

(ξk (x)) |∂Ik

∫Ik

∂tg(x, t)ϕ(ξ(x))dx + F[g](x, t))ϕ(ξ(x)) |∂Ik
− ∫Ik

F[g](x, t)∂xϕ(ξ(x))dx = 0

Δxk

2 ∫
1

−1

⃗ϕ (ξ) ⃗ϕ T(ξ)dξ .
d ⃗ck(t)

dt
+ F[gk](x, t)) ⃗ϕ (ξk(x)) |∂Ik

− ∫Ik

F[gk](x, t))∂x
⃗ϕ (ξk(x))dx = ⃗0

Discontinuous Galerkin method 
(Liu et al. 2019). 

Accuracy is controlled simply. 

Absorption of discontinuities at interfaces.

∂tg(x, t) + ∂xF[g](x, t)) = 0

∀ϕ ∫Ik

∂tg(x, t)ϕ(ξ(x))dx + ∫Ik

∂xF[g](x, t)ϕ(ξ(x))dx = 0

∀x ∈ Ik, g(x, t) ≈ gk(x, t), gk(x, t) = ∑
i

ci
k(t)ϕi(ξk(x))
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Brauer algorithm.

orthogonal  
polynomials

How can we obtain the accuracy required by PHANTOM  
with at maximum 15 grain sizes ?

PDE

ODE



High-order algorithm

Gauss quadrature method             integral approximation. 
Discontinuous Galerkin + Gauss quadrature

∫
b

a
f (x)ω(x)dx ≈

n

∑
i=1

ωi f (xi)

Good candidate !∫ mn(m, t)dm = ∫ m2n(m, t)d(ln(m))
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magnitudes !



Ormel et al. 2007 Brauer et al. 2008
Finite volume 

scheme

SPHERE/ALMA 12 
orders of magnitude in 
mass < 15 grain sizes 
~10-100 degrees of 
freedom: sub-bins or 
MC particles 
Good accuracy

Requirements

Algorithms

??

Requirements from PHANTOM



Optimisations

K(x, y) = (xy)λ/2, 0 ≤ λ < 2 lim
t→+∞

n(x, t) = exp(−x)
Long time solution (Menon & Pego 2006)

New polynomial basis

gk(x, t) = ∑
i

ci
k(t)ϕ̃i(ξk(x), t) ϕ̃i(ξk(x), t) = exp (−

a(t)ξk(x)
2 ) La(t),i(ξk(x))

∫
1

−1
exp(−a(t)ξ)La(t),i(ξ)La(t), j(ξ)dξ = δij

Analytical integration ∀x, g(x, t) ≈
N

∑
l=1

k

∑
i=0

ci
l (t) ϕi (ξl (x)) [θ (x − xl−1/2) − θ (x − xl+1/2)]

F (x) =
N

∑
l′�=1

k

∑
i′�=0

N

∑
l=1

k

∑
i=0

ci′�
l′ � (t) ci

l (t)

[θ (x − xl′�−1/2)∫
x

xl′�−1/2

ϕi′�(ξl′� (u))∫
xl+1/2+(x−u−xl+1/2)θ(x−u−xl+1/2)

xl−1/2+(x−u−xl−1/2)θ(x−u−xl−1/2)

ϕi (ξl (v))
v

dvdu − θ (x − xl′�+1/2)∫
x

xl′ �+1/2

ϕi′�(ξl′ � (u))∫
xl+1/2+(x−u−xl+1/2)θ(x−u−xl+1/2)

xl−1/2+(x−u−xl−1/2)θ(x−u−xl−1/2)

ϕi (ξl (v))
v

dvdu]

dck

dt
= ciWk

ijc
j General Lokta-Volterra system 

Differential Riccati equation

Decrease polynomial order

Evaluate g in 
few number of 
points.



Interface with PHANTOM

Interface with PHANTOM (D. Mentiplay et D. Price)



Perspectives

Mathematical optimisations: adapted polynomial basis, binning choice. 

Implicit form for time solver. 

Fragmentation 

Simulations with PHANTOM

∂tg(x, t) = − ∂x (Fcoag[g](x, t) + Ffrag[g](x, t))

Thanks for listening !


